Spatial rocking is a kind of resonant forcing able to convert a self-oscillatory system into a phase-bistable, pattern forming system, whereby the phase of the spatially averaged oscillation field locks to one of two values differing by π . We propose the spatial rocking in an experimentally relevant system-the vertical-cavity surface-emitting laser (VCSEL)-and demonstrate its feasibility through analytical and numerical tools applied to a VCSEL model. We show phase bistability, spatial patterns, such as roll patterns, domain walls, and phase (dark-ring) solitons, which could be useful for optical information storage and processing purposes.
Introduction.
Many nonlinear open systems exhibit spontaneous pattern formation when maintained far away from their thermodynamic equilibrium [1, 2] . One of the most remarkable examples of such behavior is the emergence of localized structures (LSs) and lalized patterns that have been predicted and observed in a wide variety of systems [3] . Controlling such dissipative structures is one of the central issues in nonlinear science. In particular, several types of periodic forcing, in time and/or in space, have been proposed in literature [4] [5] [6] [7] [8] [9] [10] [11] [12] . The periodic forcing in time can generate different resonances associated with the natural frequency of the system. An alternative type of forcing (coined "rocking"), characterized by a fundamental temporal frequency close to the system's natural frequency (1:1 resonance in the terminology of forced nonlinear oscillators), but with a special kind of modulated amplitude, has been proposed [13, 14] . That modulation must entail sign alternations (i.e., π -phase jumps) of the forcing in time (temporal rocking) or in space (spatial rocking) and must occur on sufficiently fast, nonresonant scales as compared to the typical scales of the oscillations' envelope dynamics. Theoretical [13] [14] [15] [16] [17] [18] [19] and experimental [16, 20, 21] studies have revealed that this type of forcing converts the initially phase-invariant oscillatory system into a phasebistable pattern forming one, similarly to the classic 2:1 resonant forcing (at twice the system's natural frequency) of a spatially homogeneous Hopf bifurcation [8, 9] . The advantage of rocking with respect to the 2:1 resonance is that some systems (optical in particular) are insensitive to the latter, due to their extremely narrow frequency response. Hence rocking is the actual alternative to the 2:1 resonant forcing in optical systems if one wishes to excite phase-bistable patterns, which are especially interesting because, on one hand, they can be of topological nature-making them very robustand, on the other hand, allow codification of information in phase bits. Rocking is a universal phenomenon as it is not critically system dependent; in fact, the initial theoretical proposals [13, 14] used complex Ginzburg-Landau models, which are the universal description for a system close to a spatially homogeneous Hopf bifurcation, to reveal the phenomena described above. In the optical arena, rocking of small Fresnel number (small aspect ratio) nonlinear resonators results in a global phase bistability affecting the whole light beam [15, 20] , while for large Fresnel number systems more spatial degrees of freedom are available and rocking leads to the excitation of spatial phase-bistable patterns that form on the transverse section of the light beam, such as phase domains, rolls, and phase solitons [13, 14] . In particular, spatial rocking, which is the concern of the present study, has been considered in a one-transverse-dimensional broad area semiconductor laser [17] and in a Kerr resonator [19] .
In this paper we provide theoretical (analytical and numerical) evidence that spatial rocking (realized through resonant, spatially structured optical injection) is feasible in vertical-cavity surface-emitting lasers (VCSELs). These semiconductor-based devices have potential applications for all-optical control of light, optical information storage, and processing [22] [23] [24] . In particular, the fast time response of VCSELs makes them attractive for applications in all optical delay lines [25] , and logic gates [26] . We investigate a wellestablished model for pattern formation in VCSELs with optical injection [27] , using experimentally accessible parameters. We demonstrate a variety of phase-bistable spatial patterns stabilized by the spatially periodic modulated injection. The spatial scale of the patterns depends on the effective detuning, in accordance with general principles of pattern formation due to detuned forcing [8] .
Model. We adopt a well-established model for studying localized structures, also called cavity solitons, in optically injected VCSELs [27] . This model describes the coupled space-time evolution of the electric field envelope E and the carrier density D and is given by the following set of dimensionless partial differential equations, Here t denotes time normalized to the cavity decay rate and r = (x,y) denotes the transverse coordinates normalized to the diffraction length. The cavity detuning from the input field frequency is measured by θ ; α is the linewidth enhancement factor of semiconductors; d is the ratio of the diffusion to diffraction coefficients; γ is the carrier decay rate; and C is the pump parameter, proportional to the injected current (C = 0.5 corresponds to the lasing threshold). We omitted a term in Eq. (1) describing radiative recombination because of its weak influence on the results [27] . The diffusion coefficient d in VCSELs is small, and carrier diffusion can indeed be neglected in the case of quantum well lasers [28] . For spatial rocking to occur, the injected field E I is not constant as in [27] , but rather a periodic function of space, e.g., E I (r) = E x cos(q x x) + E y cos(q y y). This spatially periodic injection can be experimentally realized by coherently interfering beams injected at different angles as illustrated in Fig. 1 . In all cases we deal with injected fields whose spatial average is null [14] . We consider both one-dimensional (1D) injection
Steady states. Some indications of rocking can be obtained by considering the steady states of the system. Setting the time derivatives in Eq. (1) to zero and neglecting carrier diffusion the following equation for the field envelope can be derived:
We further assume that the injected field is modulated on a sufficiently short spatial scale so that the field can be decomposed as E(r) = E f (r) + E s (r) to a good approximation, where E f (r) is a "fast" component (displaying spatial variations on the scale of the injected field) and E s (r) is a "slow" component, varying on the (comparatively long) scale of the unforced system [4] . Substituting that decomposition into Eq. (2) and separating terms related with small and large spatial frequencies, one finds that the dominant contribution to E f comes from diffraction, hence ∇ 2 E f (r) = iE I (r) to a good approximation. For the slow part one obtains
where
To fix ideas we focus first on the 1D case, in which E f (r) = −i √ F cos(q 0 x) with F = (E 0 /q 0 2 ) 2 and we took E 0 > 0 without loss of generality. F is an effective rocking parameter which we will use in the following. The averaging in Eq. (3) can be worked out analytically, with the result,
2 . Equation (4) does not hold the continuous phase symmetry E s → E s exp (iφ) but is invariant under the discrete transformation E s → −E s . The main effect of rocking, namely the existence of two equivalent, opposite phases [14] is thus revealed by Eq. (4). In addition Eq. (4) determines any steady-state solution of the system. An explicit expression for the dynamical evolution of the homogeneous steady state E s is out of the scope of this paper. However, one can compute the condition of existence of a nonzero, spatially uniform slow field component. Dividing Eq. (3) by E s , expressing E s in polar form and taking in the resulting equation the limit R = |E s | → 0, the following equation for the rocking boundary is obtained:
This equation determines where the "rocked," spatially uniform solutions (E s = const.) bifurcate from the off state. Small aspect ratio system. In order to prove the impact of the rocking on the homogeneous state (on the slow spatial scale, corresponding to E s = const.), we first consider a small aspect ratio VCSEL, in which spontaneous spatial pattern formation is impossible. We perform numerical integrations of Eq. (1) in 1D with the same parameters as in Fig. 2 , and determine the parametric region where rocking is observed. This region is shown in the plane (F,θ) in the state ceases to exist as a Hopf bifurcation sets in the system as shown in the inset of Fig. 2 . The Hopf bifurcation depends on the carrier relaxation rate γ , however, even for small values of γ ∼ 10 −2 the rocking does not disappear. Therefore, our results show that rocking can be experimentally realized in VCSELs with γ ∼ 10 −2 , as it exists in a sufficiently large parameter area of injection amplitude and frequency detuning.
Large aspect ratio system, 1D injection modulation. Next, we report the spatial patterns emerging on a large space scale. We use different parameter values to illustrate the different spatial patterns. The nondimensionalization used in Eq. (1) is such that an injected field intensity |E 0 | 2 = 1 corresponds in physical units to 1 kW/cm 2 , and a wave number q 0 = 1 corresponds in physical units to 0.23/μm. In order to have enough transverse space to form the pattern, we consider a large Fresnel number of order ∼10 3 . The simplest spatial structure of the phase-bistable system is a phase domain boundary: If in the neighboring lateral regions stable solutions with opposite values of the averaged phase are realized, then a domain boundary must appear in between, separating these two phase domains. The domain boundaries obtained by numerical integration are shown in Fig. 3(a) . The field oscillations on a small scale are confusing, therefore we plot the field amplitude and the phase of the field averaged over a small size.
In a limited part of the rocking domain the domain walls of opposite polarity can mutually lock, constituting phase solitons shown in Fig. 3(b) . The locking range depends on many parameters, like the α parameter and the carrier diffusion coefficient d. Generally speaking the spatial oscillations of the fields due to domain boundaries (exponentially decaying tails) are responsible for the locking, and with more pronounced oscillations the locking is more efficient, i.e., the existence domain of the phase solitons is larger [29, 30] .
Large aspect ratio system, 2D injection modulation. In the 2D case, the morphology of the system becomes more complex. In the following we consider injection of square symmetry (E x = E y = E 0 ,q x = q y = q 0 ), which generates squared modulation of the background in the real (or imaginary) part of the field that can be observed in the nonaveraged field in Fig. 4 . The 2D phase domains are shown in Fig. 4(a) , which are analogous to 1D phase domains in Fig. 3 . In the 2D case, this kind of solution is unstable because of the surface tension that affects the dynamics of the phase domains [31] . The surface tension, however, can be either positive or negative for domain walls in a phase-bistable system [30] , depending on the off-resonance detuning. We could observe this scenario also in VCSEL with spatial periodic injection, where the detuning parameter θ provides such a control over the surface tension. For smaller absolute values of θ the domain walls are coarsening and the domains are contracting, as shown in Fig. 4(a) . For larger absolute values of θ the domains are growing (the structure is anticoarsening), which is related to the negative surface tension of the domain walls [29, 30] . This case eventually leads to the labyrinth structure as illustrated in Fig. 4(b) . The labyrinth in the 2D spatially extended systems is analogous to a roll pattern in 1D systems.
Finally, in the regime of a positive but weak surface tension, the contracting domains could stop contracting at a definite (a minimum) radius. This stabilization of domains is related with the spatial oscillation of the tails of the domain boundaries like in the above discussed 1D case. Field oscillations from a segment of domain boundary trap the opposite segment of domain boundary in accordance with [32] . This leads to stable, round, phase solitons, in the form of dark rings of field intensity, as shown in Figs. 4(c) and 4(d) . The phase solitons in two dimensions are analogous to the phase solitons in one dimension shown in Fig. 3(b) . Due to the absence of surface tension in the 1D case, the existence ranges of the 1D and 2D solitons are slightly shifted with respect to each other in the parameter space. 
Conclusion.
We have studied theoretically and numerically broad area VCSEL with spatially periodic injection modulated in one and two dimensions. We show that the spatial rocking phenomenon can be realized in VCSELs at an experimentally accessible parameter range. We show that, generally, the rocking balloon depends on the time scales of the coupled fields. Small values of γ 1 reduce the size of the rocking balloon, however, the balloon does not shrink to zero. This allows one to obtain the rocking with experimentally realistic parameters (γ ∼ 10 −2 and E 0 ∼ 10). On the other hand, when the system is larger, it is possible to observe different kinds of spatial structures. In 1D and 2D extended systems we observed a variety of patterns, phase domains, phase solitons, rolls, and labyrinth structures.
